? 


- 


—_ 2 oe 
7 


*  ARKIV FOR FYSIK Band 16 nr 40 


Communicated 14 October 1959 by Oskar Kinin 


Construction of wave equations by Eriksson’s 
spinor formalism 


By Benet ENFLo 


1. Introduction 


When setting up a relativistic wave equation for a spin-}-particle, Dirac [1] 
postulates that the equation should be of first order with constant coefficients 
and that its solutions should also be solutions to the Klein-Gordon equation. These 
postulates automatically lead to the well-known Dirac equation. After having estab- 
lished the equation, Dirac investigates what transformation properties the wave 
function should have for the equation to be Lorentz-covariant. By a somewhat 
different procedure, Weyl [2] is lead to the same equation. By group-theoretical 
considerations he is able to establish four bilinear forms by two four-spinors. These 
forms transform like the four space-time coordinates under proper and improper 


_ Lorentz transformations, which do not inverse the direction of time. Wey] is then 


able to construct a Lorentz-invariant differential operator which is identical with 
that found by Dirac. Eriksson’s [3] treatment of these things is similar to that 
of Weyl in the respect that he starts with the spinors and their transformation 
properties. By the spinor components he constructs bilinear forms, which trans- 
form like scalars and vector components under Lorentz transformations. In order 
to get a firm basis for the treatment of space reflection and time reversal, Eriksson 
builds up the spinor representation of rotations of a six-dimensional space with 
four space-like and two time-like coordinates. Since every transformation belonging 
to the unrestricted Lorentz group is a special case of a continuous six-dimensional 
rotation, it is possible to deduce the behaviour of spinors under unrestricted Lorentz 
transformations. As to the treatment of the interaction between electrons and the 
electro-magnetic field, Dirac and Weyl, following the classical analogy, replace 
6/éx" with 6/dx"—ieU,, where U,, is the electro-magnetic four-potential. Eriksson 
([3], p. 354) starts with a consideration of those possibilities which the established 
bilinear forms give him to construct a Lagrangian for a particle interacting with 
an electro-magnetic field. Eriksson’s procedure leads, after some transformations, 


to the ordinary Dirac equation. 


2. The spinor formalism. Vectors and scalars 


In an earlier work [4] Eriksson develops the spinor representation of rotations 
of a five-dimensional space with four space-like dimensions and one time-like. The 
connexion between the coefficients of the rotation and the spinor transformation 
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by aes ene See ae in 
remain. As is well-known, an eee rotation is . 
y eters. Those eight complex parameters are coefficients in a four-spinc 
con Eriksson’s analogous calculations for six dimensions are still unpublished, 
but some results are given in [3]. By. means of two four-spinors, u and v (as to 
the transformation of a four-spinor see [3], p. 352, which is a generalization in six — 
dimensions of [4], p. 6), Eriksson establishes the following bilinear forms on which 
the present investigation will be based. = Ei 


1) The contravariant four-vector: . 

A? = Uy 03 + Ug Ug — Ff? Ug %y — F Uy Ve 

A® = 4 (ty Vy — Uy Vg — J” Ug Vy + 7° Uy Yo) 

AS = Uy, U4 — Ug Vg +9? Ug Vg — 9° Ug 

A*= yO 4 + Uy V3 — FP Ug Va — FP Ugr 
The parameter j is introduced by Eriksson as a factor in the “space reflection 
part”? of the spinor representation of a five-dimensional rotation (cf. [3], p. 350 
and [4], p. 6). The introduction of 7 is made in order to investigate the number 
of representations of space reflection. It turns out ([3], p. 352) that j7*=1. If 7?=1, 
the identical transformation and space reflection can be continuously transferred 


into each other by means of rotations of five-dimensional space, but if 7?= —1, 
they cannot. 


2) The quasi-vector: 


5 lee oo = = = 
Co =i, 05 + UV + Uy 0, + Uy Vy 


— 


CO? = —1 (0, Vp — Hy Vy + Hy Vy — Hy Vg) 
C8 = hi, 0, — Hg Vg — Hig Vg + Hy Vy | 
C* = Gy v1 + ty Vg + Tg Vg + Hy V4 
We will use the expression quasi-vector for a vector whose transformation coeffi- 
cients are A,a",, where a’, are the transformation coefficients of an ordinary vector. 


A; is the determinant of the Lorentz transformation in five-dimensional space. 
The two types of time reversal can be written 


a) a, =a, (k=1, 2,3, 5) 


w= — 2, 

ag= —2x,_ (Ag must be=1) 
b) ay = —a, (k=1,2,3,5) 

m= —ay 

X= — %g 
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ee 1. 32 he & 
MW Uy Vg — Ug Vy + 7 Ug Vy — 7 Ug Vg 


M = Uy Vz — Thy Vy — Ug Vy + Ug Vy 


; might have interest to investigate, whether this generalized spinor formalism 
give an electron theory which is different from that which is deduced from 
Weyl’s spinor formalism. In this paper, we will investigate all the possibilities 

: the above-mentioned vectors and scalars give us for constructing a Lagrangian 

of a spin-4-particle interacting with an electro-magnetic field. 

~ When constructing a Lagrange function, Eriksson ([3], p. 354) excludes the case 
yj = —1. He puts the derivation symbol 0, =6/0x" between the two factors in each 
term of A“ and uses C in that part of the Lagrangian which contains the electro- 
“magnetic interaction. Then v is put equal to wu. If one assumes that the electro- 
magnetic four-potential behaves like a quasi-vector, Eriksson’s Lagrangian will be 
a true invariant and this is the only true invariant possible to construct. As is 
mentioned before, it leads to the ordinary Dirac equations. If we, however, do 
not require that the theory should be invariant for transformations of the type 
a, = +a, (k=1,2,3)t’= —t, we have other possibilities for constructing a La- 
ee ansisn. 


Z 3. The case j?= +1 


Y 


oe If we put j7=1 and w=v, the vector A vanishes identically. Thus we can use 
only C in the electro-magnetic interaction terms. It is, however, possible to use 
both A and C in the terms containing the derivatives. Such a theory would, of 
course, not be invariant for time reversal. Because the quasi-scalar n vanishes 
independently of j” if w=v, the scalar m must be used in the mass term. Since 
nm vanishes, it is impossible, for finite mass, to construct a quasi-invariant La- 
grangian, whether A is considered as a quasi-vector or not. The Lagrangian which 
_ we begin with is then: 
D> 1 {Gy [(0, — 1 0g) Ug + (Og + 04) Uy] + Gel(1 + 1 Oy) Uy — (03 — Oy) Uy] + 
+ Gig [(8y — 12g) Uy — (Og — Aq) Uy] + Hy [(A, + 4g) Ug + (Oy + Oa) ual} + 
+ Ug [ — (0, + 4 Gy) Uy + (85 — Og) Uy] + Hg [ — (A, — 4 Oa) Ue — (25 + Oa) u,|}-+ compl. conj. 
+ 2 ix (hy Ug — hg Uy — Hy Uy + Uy Uy) 
+20, B (thy Ug + Gy Uy + Hy Ug + Hy Ug) — 24.0 5 B (ty Uy — My Hy + thy Uy — hy Us) 
4+2.U 4B (ty uy — Gy Uy — Hy Ug + My Uy) + 2 UB (dy Uy + Hy Ug + tg Ug + Hy Uy) (1) 
| U,, is the electro-magnetic four-potential and ¢ is a numerical constant which can 
be complex. x is proportional to a mass and f to a charge. From this Lagrangian 
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pany. | A Qudiporsiud cp) suk EM wrtls bo = @- dis} ~#U 
(,- — 18, ate FBC FU ea iB U,+ Uy) uy — 18 ((— 
| + (Gy +04) Gy} + m2 
(+5) m+ (0,420) m8 Us +i U,)ug— ip(Us+ Uy) ty + 68 {(0, +604) 
| + (Os +O) Hh} + Ug=0 
(2, — 62) 44 — (85 — 4) Ug — 68 (O 7, ~iU,) uy +i (Us — Ud waht A Cardia 
— (23 — @4) Ha} — = 0 


8) 


_ We get the equations obtained by Eriksson ([3], p. 354) by putting B=e,1 i= J 
and not including the two first terms (which come from that part of the Lag- 
rangian which contains the derivation symbols in C) in each equation. The current- 
density vector S is the above-mentioned vector C multiplied by 2 6 for the case 
v=u. The canonical energy-momentum tensor is: 
Tt = 1 [Gy Dy Uy + Gg Dy Uy, + Gg Dj Ug + Gy Dj Ug — t € {ty Oy Ug + Uy Oy Ug — Ug Oy Uy — 

— U4 04 Uy}] + compl. conj. 
Tf =i [— tt, Dy Ug — Gy Dy Uy + yg Di, Uy — Gy Dj, Ug} + € {Uy Oy, Ug — Ug Oy Uy — 

= Ug Oy Uy + Uy Oy, Uy}] + compl. conj. 
Ti =t[d, Dy, u, — b, Dj, Ug — Wy Dy, Ug + Hy Di, Uy — 1 {Uy Oy Uy — Uy Oy Ug + Ug Op Uy — 


— U4 0, U,}]+ compl. conj. 
To =i [Gy Dy, Uy + Gy Dy, Uy + ig Dy, Ug + thy Dy, Uy — 18 { Uy Op Uy + Ug Op Ug — Uy Oy Uy — 


— Uy Oy, U,}] + compl. conj. (3) 


Here we have used the notation D;, =@,,—76 U,.. With the aid of the wave equations 
and their conjugates, the following relations are established: 


a, 8° =0 (4) 
6,7 f= (60, =0,0,)5 = Pig (5) 
* eis the particle charge together with its sign. Atomic units are used. 
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‘i This is a natural substitution because | = : 


= 


if time reversal is disregarded. 


ae 


Vitel @ +622) q— } 1+leP (@,—@)~.—*B (U, +4 U2) g, +B (Us— U4) G2— 


= ee 
Vite PG — tee) pat V1 + [EP 65 + 4) 91-68 (Us — 12) Ga — 1B (Uy + Ua) 1 + 

~ 1 G,—0 

V+ [el (+422) 2+ V 1+ lel Gs + 84) ya 88 (Uy +405) Gs — 1B (Ug + Ua) pat 
a 2p, = 0 

Vis |eP (0, — 6) pa— V1 + [€P (5-24) 3-48 (U1 — 4 U2) pat 1B (Ug— Us) Gs — 

3 a) =4 Gg, = 0 (Z) 


"From these equations we oe the ordinary Dirac equations (cf. [3], p. 355) putting 
4 Bb =eV1+|e,? and x=m/1+|e|’ where ¢ is the particle charge and m is the par- 
_ ticle mass. 


i. {(D, +4 Dz.) 9, — (D3— Ds) 2-1 Ya = 9 
3 (D, —1 D2) Pe + (D3 + D4) 91 +m 3 =9 
4 (D, +iD,) po+ (Da+ Ds) pat mG =0 
a (D, —i D,) @y— (Dy — Ds) Gs —™ G1 =9 (8) 


: We use the notation Dy, =0,—1e Uy. 
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where o,,6,,03; are the Pauli spin matrices. ~ a 

It is very easy to see that the above-mentioned choice of the constants f, x is 
the only possible. In order to show this we write out, in Minkowski notation, 
the second order equation that’ follows from eqs. (7): 


te Cais 2 Pa "eek 
bo ‘Wrap 1+|eP oVislepo 


In absence of an electro-magnetic field this equation must be the Klein-Gordon 
2 R 


equation. Therefore we must have pepo In order to get the correct mag- 
é 


: € : : “$ 
netic moment —— of the electron we must require the relation == 6, hs 
2m Vi+|el? 


other possibility is to assume another value than 1 for h, but this choice does 


Xr Fn] 9=0 (9) 


not seem very attractive from a physical point of view and has nothing to do | 


with the spinor formalism used in this paper because of the possibility of trans- 
forming eqs. (2) into eqs. (7). 


4, The case j?= —1 


If j>= —1 the insertion of derivatives in A gives a four-divergence. It can be 
shown (see e.g. [6], p. 94) that the addition of a four-divergence to the Lagrangian 
does not alter the equations of motion. Thus only C can be used in that part 
of the Lagrangian which contains the derivatives. Instead, it is now possible to 


use both A and C in the electro-magnetic interaction part of the Lagrangian. Thus 
we start with the following Lagrangian: 


L=1 {ty [(0, — 185) Wg + (0g + 24) Uy] + G, [(0, +48.) Uy — (0, = O,) Uo] + 
+ Us [(0, — tg) Uy — (O3 — 04) Ug] + thy [(O, + 1 Oy) Ug + (Ag + Og) W4]} + compl. conj. 
+20 (Uy Ug — Ty Uy — ty Uy + Hy Uy) + 2f [Uy (UyUy + Ug Uy + Uy Uy + Uy Ug) — 
— 00g (thy Ug — Thy Uy + fg Wy = Hy Ug) + Ug (thy Uy — Gy ty — tig Uy + Gy Uy) + 


474 


% 


: oe \—% 


Pg Oy Fa) te — 9 f(s — 8 Ug) a (Ug+Uy)u]—8d[(O,-1Uy) H+ 
"1 eh alee | +(Ugt+U4) ty] +%ug=0 
8p) ts + (05+ 24) Wy — i f(T + iV) ug + (Ug + Uy) ug] — 8d [Oy +iU)te+ 
le i a +(U,> U,) i] +x, =0 
82) Uy— (85 — 4) uy - tf [(U, —¢ Ug) ug — (Ug — U4) ug] — td [(U, — 1 Ug), — 


~ = (Us = U4) 85] — 96 t= OFT) 


— ~ 


In this case, the current-density vector is 


ESD =f (Gy Uy + Gy Uy + hg ty + Hy Ug) +d (ey Uy + Uy My) + d (Gy hy + Gy iy) 
- — — Af (hy Uy — hy Uy + Thy Uy — Ty Ug) + 1d (Uy Ug — Uy Uy) — 1d (Uy Hy — thy Ma) ’ 
oS ES? =f (thy thy — thy ta — Tg Ug + Hy Wg) +d (Uy Uy — Uy hg) + dG, Uy — Gy Hy) 
4 S4 =f (Gy Uy + Dig Uy + thy Ug + Hy Uy) +d (Uy Uy + Ug Uy) + d (th, thy + Uy Ug) (12) 
F nd the canonical energy-momentum tensor: 
Df =i [thy Dy Uy + ty Dy ty + Hy Dy, thy + thy Di, tt] + 2d (uy U tg + Up Uy, Ug) + 
+ compl. conj. 


Ti = 6[—1 (Hi, Dy Ug — Gy Dy, Uy + is Dy. Ug — tig Dy Ug) + 20d (Uy Oy Ug — Ug Uy Ug) + 


3 

4 + compl. con). 
DB Hi [hy Di ty — thy Dy, tty — thy Dil thy + thy Di Mg) + 2d (uy Uy ly Uy Ty eg) + 
: + compl. conj. 


BT $= 1a, Di, u,+%.Dy Us + tis Dj, Ug + tig Dip Ug] + 2d (Uy Oy tg + Ug Ug) + 

+ compl. conj. (13) 
_ where Di; =0, 0 f 0" 
4 In the same way as in the first case the equations (4) and (5) can be verified 
for the new S” and 77. If f>|d|, the charge density S* is positive definite. 
It has been found that eqs. (11) can also be written as Dirac equations if the 
following substitution is made: 
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Lad 
: 


aa 


(2, — 624) a+ (Bo +20) 1— iV P—TEP Os 40s) po iV P—[aP U9 + 
: Sipe Fae Paul gid 


: ive he Saige fhe 


De eee, 


(2, +422) Ps + (0+) ga—tV P—[dP(U, +804) po iV P— [dP (Ust Ua) pat 
, aT gh \ +xG,=0 2° ¢ 


7 n ; A 
(0, — 18») py — (03-24) ps — VV P= [dP (Ui Ue) pati P—|dP Us— U4) ps — 
—%9,=0 (15) 


a) The case f > |d|. Theordinary Dirac equations are obtained by putting? —|d?? =e 
and x=m. That this is the only possibility of choosing the constants is seen in 
the same way as in the case 7?=1. . 

b) The case f<|d|. If f<|d|, the substitution (14) has no inverse because A is 
then of the form e'*. Hence y,=e'* @,, and y,=e'* Gy. We thus have a two-com- 
ponent system consisting of the first two equations of (15). Since we cannot express 
the current-density vector (12) in the :s, we have abandoned the Lagrangian 
formalism. It does not seem as if this two-component system, at least for the 
case f<|d|, has a physical meaning, because the U-terms have then the wrong 
reality. The same two-component equation with the correct reality of the U-terms 
has been investigated by Eriksson,! who did not get any fine structure formula 
for the hydrogen atom out of it. A modification of a new kind has, however, 
recently given a result [7]. 

The special case f=|d| would, however, perhaps be of interest, as it may corre- 
spond to a neutral particle. The author has desisted from making any investigation 
of this question and also from making any investigation of the original four-compo- 
nent system (11) in the case f< id) because of the impossibility of transforming 
this system into equations of accustomed types. 


SUMMARY 


A Lagrangian for a spin-}-particle in an electro-magnetic field is constructed by means of 
Eriksson’s spinor formalism in the most general way that is possible. Although the Lagrangian 
is not invariant for time reversal the formalism leads to equations of the same type as the 
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